Introduction
We consider the Navier-Stokes equations in a periodic box in R 3 : 
Nomenclature
The nomenclature used is standard and defined where first used herein. We briefly give a summary of it next. u, p : The true velocity and pressure, solutions of the Navier-Stokes equations (1.1). w, q : The continuum velocity and pressure predicted by the LES model. δ : The averaging radius of the filter used in the LES model. φ : The Fourier transform of the function φ for the Cauchy problem and the Fourier coefficient of φ for the periodic problem.
k, k : The dual variable or wave number vector and wave number, respectively;
The L 2 norm of the indicated function. E(v)(t) : The true, total kinetic energy of the indicated velocity field at time t:
E model (v)(t): The kinetic energy of the LES model at time t, given by:
E(k):
The distribution of the time averaged kinetic energy by wave number.
The distribution by wave number of the LES time averaged model's kinetic energy.
< · >: Time averaging. ε(v)(t) : The (non-averaged) energy dissipation rate,
ε : The time averaged energy dissipation rate of the true, Navier-Stokes velocity, ε =< ε(v)(t) > . ε model (v)(t) : The (non-averaged) LES model's energy dissipation rate, given by:
ε model : The time averaged energy dissipation rate of the LES model, 
A synopsis of K41 phenomenology
Turbulent flows consist of three dimensional eddies of various sizes. In 1941, I. Kolmogorov gave a remarkable, universal description of the eddies in turbulent flow by combining a judicious mix of physical insight, conjecture, mathematical analysis and dimensional analysis, e.g., Frisch [F95] , Pope [P00] . In his description, the largest eddies are deterministic in nature. Those below a critical size are dominated by viscous forces, and die very quickly due to these forces. This critical length scale (the Kolmogorov micro-scale) is η = O(Re −3/4 ) 1 in 3d. From this estimate, it follows that direct numerical simulation of a 3d flow thus requires ∆x = ∆y = ∆z = O(Re −3/4 ) giving O(Re +9/4 ) mesh points in space per time step, and thus is often not computationally economical or even feasible. This estimate is based upon existence of an energy cascade in turbulent flow problems and Kolmogorov's above estimate of the micro-scale at the bottom of the energy cascade. Since this energy cascade theory is extended herein (and in other papers as well) beyond the Navier-Stokes equations, the answers to important questions about it must be reviewed. Why do solutions of the Navier-Stokes equations (1.1) exhibit an energy cascade? And, should it be expected that solutions of (1.4) have their own energy cascade? The answer to the first question has been understood since the work of L. F. Richardson and I. Kolmogorov. We shall briefly review the answer (which is given also in Chapter 1 of most books on turbulence) because its answer also contains the answer to the second question (which we have developed in this report). The Navier-Stokes equations and their solutions have the following well-known features;
• If ν = 0 the total kinetic energy of the flow is exactly conserved 2 :
• The nonlinearity conserves energy globally (since Ω u · ∇u · udx = 0 ) but acts to transfer energy to smaller scales by breaking down eddies into smaller eddies ( for example, if u (U sin( πx 1 l ), 0, 0) tr has wave length 2l and frequency
l/2 ), 0, 0) tr has shorter wave length l).
• If ν > 0, them the viscous terms dissipate energy from the flow globally:
• For Re large the energy dissipation due to the viscous terms is negligible except on very small scales of motion. For example, if u (U sin(
Thus the nonlinear term dominates and the viscous term is negligible if
• The forces driving the flow input energy persistently into the largest scales of motion. Given the velocity field of a particular flow, u(x, t) , the (time averaged) energy dissipation rate of that flow is defined to be
Further, the K-41 theory states that at high enough Reynolds numbers there is a range of wave numbers 0 < k min :
known as the inertial range, beyond which the kinetic energy in u is negligible, and in this range
where α is the universal Kolmogorov constant whose value is generally believed to be between 1.4 and 1.7 (for example, Wyngaard and Pao [WP72] found a value of α = 1.62 in studies of atmospheric turbulence), k is the wave number and ε is the particular flow's energy dissipation rate. In this formula, the energy dissipation rate < ε > is the only parameter which differs from one flow to another. Indeed, in Pope [P00], figure 6.14 page 235 in [P00], the power spectrums of 17 different turbulent flows taken from Saddoughi and Veeravalli [SV94] (which also contains the references to the particular experiments) are plotted on log-log plots. The slope of the linear region in this plot has the universal value of − Inserting these units into the above relation gives Thus, Kolmogorov's law follows 
The global Reynolds number measures the relative size of viscosity on the large scales and when Re is large the effects of viscosity on the large scales are then negligible. The smallest scales Reynolds number similarly measures the relative size of viscosity on the smallest persistent scales. Since it is non-negligible we must have
Next comes an assumption of statistical equilibrium: Energy Input at large scales = Energy dissipation at smallest scales. The largest eddies have energy which scales like O(U 2 ) and associated
The rate of energy transfer/energy input is thus O(
The small scales energy dissipation from the viscous terms scales like
Thus we have the second ingredient:
Solving the first equation for v small gives v small ν η . Inserting this value for the small scales velocity into the second equation, solving for the length-scale η and rearranging the result in terms of the global Reynolds number gives the following estimate for η which determines the above estimate for the highest wave-number in the inertial range: . This estimate expresses statistical equilibrium in K-41 formalism, [F95] , [Les97] , [P00] , [S84] , [S98] and has been proven as an upper bound directly from the Navier Stokes equations without any assumptions of homogeneity or isotropy for turbulent flows in bounded domains driven by persistent shearing of a moving boundary, Constantin and Doering [CD92] , and Wang [W97] , . The same estimate has been proven, Foias [F97] , Doering and Foias [DF02] , Childress, Kerswell and Gilbert [CKG01] (others have also contributed to this important theory as well), when the flow is driven by a persistent body force, the boundary conditions are periodic and the forcing acts on the largest modes/ largest scales.
By reviewing the reasoning of Richardson and Kolmogorov, we show that the model is expected to have an energy cascade. If we apply A δ to the model (1.4) (with χ = 0) it becomes:
Since D N is spectrally equivalent to the identity (uniformly in k, δ, nonuniformly in N ) the nonlinear interaction D N (w) · ∇D N (w) (like those in the NSE) will pump energy from large scales to small scales. The viscous terms in (3.1) will damp energy at the small scales (more strongly than in the NSE in fact). Lastly, when ν = 0, f ≡ 0 the model's kinetic energy in (3.1) is exactly conserved
Thus, (3.1) satisfies all the requirements for the existence of a Richardson -like energy cascade for E model . By examining the details of the energy cascade of the model, we see a second mechanism for fast but not exponential truncation of the number of scales of the model's solution. Over the wave numbers corresponding to the resolved scales, 0 ≤ k ≤ This is typically smaller than the desired cutoff length-scale of O(δ) (see however section 3.2). Thus the behavior of the model in the intermediate range δ ≥ l ≥ η model is critical. In fact it is easy to calculate that δ = η model ⇔ δ Re −3/4 and the flow is fully resolved.
